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Entropy in multiple equilibria, theory and
applications†
Gion Calzaferri
Analysis of multiple equilibria where the binding enthalpy of the species is the same for all sites and
independent of those that are already bonded delivers insight on the evolution of the entropy as the
reactions proceed and explains why the equilibrium constants always decrease with increasing number
of occupied sites. The validity of the results is independent of the nature of bonding. Consequences are
explained by discussing dicarboxylic acids, cation exchange of zeolite A, and the insertion of guests into
the one-dimensional channels of zeolite L, by cation exchange for cationic guests and from the gas
phase for neutral molecules. The quantitative link between the description of multiple equilibria and
Langmuir’s isotherm equation provides new insight. We express the concentration dependence of
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fraction filling of guests on the length of the channels, a result which is important for understanding
observations and planning the synthesis of new host–guest composites. The free reaction enthalpy can
be split in the particle distribution term and all other contributions. The results are therefore relevant for
analyzing and interpreting experimental data also of systems where the condition of constant binding
enthalpy is not or only partially fulfilled.

rsc.li/pccp

1. Introduction
Multiple equilibria of objects with several equivalent binding,
docking, coupling, or adsorption sites for neutral or charged
species, as illustrated in Fig. 1, play an important role in all
fields of chemistry, including systems with interface dominated
structures and functions.1–21 The influence of entropy in multiple
equilibria can be dominant, a fact which may sometimes be
difficult to recognize. Essential information is obtained by
investigating the multiple equilibria reactions (1) and (2) in
Department of Chemistry and Biochemistry, Freiestrasse 3, 3012 Bern, Switzerland.
E-mail: gion.calzaferri@dcb.unibe.ch; Web: www.calzaferri.dcb.unibe.ch
† Electronic supplementary information (ESI) available: Derivation of the eqn (9),
(14), (15) and (29), is reported. See DOI: 10.1039/c7cp00584a

Table 1

Multiple equilibria and equilibrium constants

(1)
Z
ZX
ZX2
ZX3
...
ZXn1
Krc ¼
a

Table 1. We analyze them by studying the particle distribution
for the condition that the binding enthalpy of the species is the
same for all sites and independent of those that are already
bonded. This delivers information on the evolution of the entropy as
the reaction proceeds and explains why the equilibrium constants
K1, K2,. . .,Kn are never equal but decrease rapidly from K1 to K2, to K3
and so on, despite of constant enthalpy. The validity of the results is
independent of the nature and the strength of the binding. They also
apply for systems where the condition of constant binding enthalpy
is not or only partially fulfilled. The results are relevant for analyzing
and interpreting experimental data: e.g. acid–base, ligand exchange
or ion exchange reactions, adsorption of species from solution on a
surface and insertion of charged or neutral guests into the cavities of
microporous and mesoporous hosts. We number the equilibria

(2)
+X
+X
+X
+X

$
$
$
$

ZX
ZX2
ZX3
ZX4

K1
K2
K3
K4

+X

$

ZXn

Kn

Z(M1)n
+ M2 $ Z(M1)n1(M2)1 + M1
Z(M1)n1(M2)1 + M2 $ Z(M1)n2(M2)2 + M1
Z(M1)n2(M2)2 + M2 $ Z(M1)n3(M2)3 + M1
Z(M1)n3(M2)3 + M2 $ Z(M1)n4(M2)4 + M1
...
Z(M1)1(M2)n1 + M2 $ Z(M2)n
+ M1

(1A)

Krc ¼ h

½ZXrc c+ a
½ZXrc1 ½X

0



ZðM1Þnrc ðM2Þrc ½M1
i
ZðM1Þnðrc1Þ ðM2Þrc1 ½M2

K1 0
K2 0
K3 0
K4 0
Kn 0

(2A)

The symbol c+stands for the concentration unit in order to make sure that the equilibrium constants Krc are dimensionless.
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Fig. 1 Equilibria with n identical reaction sites. (A) Illustrates e.g. protonation of a particle with n acceptor sites or adsorption on a particle with n
adsorption sites. (B) Represents e.g. an ion exchange equilibrium. (C) Symbolizes e.g. the insertion of dye molecules ndye into nch nano-channels, each
bearing nS sites for hosting a dye. The channels are so narrow, that molecules can enter but not pass each other or stack.

illustrated in Fig. 1 using rc = 1, 2,. . .,n and express corresponding reaction sequences in Table 1. X can be a charged or a
neutral species that binds reversibly to a target Z which
possesses n equivalent binding sites for X.
An example for a charged species is a proton and for Z a
molecule, a nanoparticle, a protein, or a polymer with n reversible
binding sites for X. Similarly, M1 and M2 can be charged or neutral
species able to reversibly exchange each other. We mention ion
exchange or an adsorption/desorption reaction, as examples. The
symbols for the corresponding equilibrium constants in (1A) and
(2A) are Krc and Krc0 , respectively, and the free reaction enthalpy is
expressed by means of eqn (3).
+
+
DRG+
rc = DRHrc  TDRSrc = RT ln Krc

(3)

We split this equation in the particle distribution (pd) and in all
other contributions (oc) and use the first reaction, rc = 1, as a
reference by subtracting the free reaction enthalpy DRG+
1 and
+
+
writing dRG+
rc = DRGrc  DRG1 . This leads to eqn (4A) and (4B).
It allows detaching the contribution of the particle distribution
term and hence to discuss its consequences separately.
dR G+
rc

¼

+
doc
R Grc

ln



+
Tdpd
R Src

Krc
¼ RT ln
K1

(4A)

Krc
K oc
K pd
¼ ln rcoc þ ln rcpd
K1
K1
K1

(4B)

The eqn (4A) and (4B) will be used to estimate the influence of
the particle distribution term on the value of the equilibrium
Krc
, or play a
constants Krc. The activity coeﬃcients cancel in
K1
minor role and will therefore not be considered explicitly. This
is not a necessary condition but simplifies the reasoning with+
out losing essential information. The term doc
R Grc vanishes, if
the binding enthalpy of the species is the same for all binding
sites and independent of the number of species that are already
bonded. Eqn (4A), hence, simplifies as follows:
pd +
pd +
dR G+
rc ¼ dR Grc ¼ TdR Src ¼ RT ln

Krcpd
K1pd
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(5)

Krc Krcpd
¼
. This is a substantial
K1 K1pd
simplification which nevertheless meets important situations.
We first evaluate the influence of the particle distribution on
the equilibrium constants and we illustrate the entropy driven
decrease of the equilibrium constants with increasing reaction
sequence. New insight is obtained for dicarboxylic acids, cation
exchange of zeolite A, and the insertion of guests into the onedimensional channels of zeolite L, by cation exchange for
cationic guests and from the gas phase for neutral molecules.
We express the concentration dependence of fraction filling of
guests on the length of the channels, a result which is important
for understanding observations and planning the synthesis of
new host–guest composites, and we show how multiple equilibria
and Langmuir’s isotherm are quantitatively linked. The results are
relevant for analyzing and interpreting experimental data also of
systems where the condition of constant binding enthalpy is not
or only partially fulfilled.
This means that we can write:

2. Results and discussion
2.1. Entropy driven decrease of the equilibrium constants
with increasing reaction sequence
The equilibria (1) and (2) represent cases which can chemically be
very diverse as indicated in Fig. 1. We described them thermodynamically in the same way, however, with the consequence,
that the results obtained cover many diﬀerent systems and
situations and thus allow for a better understanding of multiple
equilibria. We note that the ratios of the equilibrium constants
Krpd

0

Kr pd

with r = 1, 2,. . .,n  1 expressed in the eqn (6) and
pd
Krþ1
Krþ1
(7) have the same appearance. This means that it is suﬃcient to
study one of them because the results are equally valid for the
other. It is convenient to choose the reaction sequence (1) and
the corresponding eqn (1A) and (6) for discussing the ratio of
the equilibrium constants.
and

0 pd

Kr
½ZXr 2
¼
Krþ1 ½ZXr1 ½ZXrþ1 

(6)
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Fig. 2 Graphical representation of the results at 25 1C. (A) The entropy driven decrease of the equilibrium constants with increasing reaction sequence,
pd
pd +
1
eqn (9), is shown by plotting log Kpd
rc /K1 versus rc for n = 12. (B) Shape of the diﬀerences of the free reaction enathalpy dR Grc (J mol ), eqn (12), and of
+
1
the reaction entropy dpd
mol1), eqn (13). (C and D) Emphasize the consequences of eqn (15) as a function of the number of equilibria n for
R Src (J K
diﬀerent values of the equilibrium constant Kpd
1 , namely 0.1, 1, 2 and 5 in (C) and 1, 10, 100, and 500 in (D).


2
0
Z ðM1Þnr ðM2Þr
Kr
ih
i (7)
¼h
Krþ10
ZðM1Þnðr1Þ ðM2Þr1 ZðM1Þnðrþ1Þ ðM2Þrþ1
We separate the contribution of the particle distribution term
(pd) from any other contributions (oc) in eqn (8).
Kr
Kroc Krpd
¼ oc
pd
Krþ1 Krþ1 Krþ1

(8)
Krpd

is a function of
pd
Krþ1
the total number n of equilibria involved and the number of the
individual equilibria as expressed in eqn (9), as will be shown in
chapter 4. This means that knowing the value of Kpd
1 of reaction
(1), we know all other particle distribution terms Kpd
rc .

The ratio of the particle distribution term

Krpd
pd
Krþ1

rþ1nrþ1
¼
or
r
nr

pd
Krþ1

¼

Krpd

r
nr
rþ1nrþ1

(9)

From this follows that we also know the progress of the
contribution of the particle distribution term to the free reaction enthalpy as expressed in (10) and we know that this is an
entropy contribution, eqn (11).


nr
pd
+
pd r
(10)
Dpd
R Grþ1 ¼ RT ln Krþ1 ¼ RT ln Kr
rþ1nrþ1


nr
+
pd r
Dpd
R Srþ1 ¼ R ln Kr
rþ1nrþ1

(11)

+
pd +
It is not necessary to know the values of Dpd
R G1 and DR S1 in order
to know their progress with increasing r. We therefore introduce the

This journal is © the Owner Societies 2017

+
diﬀerences of the free reaction enthalpy dpd
R Grc and the reaction
pd +
entropy dR Src ; rc = 1, 2,. . .,n:
!
Krcpd
pd +
pd +
pd +
dR Grc ¼ DR Grc  DR G1 ¼ RT ln
(12)
K1pd

pd +
pd +
+
dpd
R Src ¼ DR Src  DR S1 ¼ R ln

Krcpd
K1pd

!
(13)

An interesting consequence of this can be seen by discussing the
particle distribution part of the reaction (1). Eqn (14) expresses the
equilibrium constant Ktot for the complete reaction (1A); see ESI1.†
pd
Z + nX $ ZXn Ktot = Koc
totKtot
 + n Y
n
½ZXn  c
Ktot ¼
¼
Krc
½Z  ½X 
rc¼1

(1A)
(14)

We now discuss the particle distribution part Kpd
tot separately
which is possible because Ktot for the complete reaction can be
expressed as the product of two contributions, eqn (1A). Substitution of all Kpd
rc using eqn (9) yields the result expressed in
eqn (15) for Kpd
tot; see ESI2.† The same result holds for the
reaction sequence (2). It means that Kpd
tot becomes rapidly small
with increasing number of reactions n, a behavior driven by the
rapidly decreasing entropy with increasing number of reaction
sequences. We observe e.g. that Kpd
tot becomes rapidly smaller
than 1 for Kpd
1 values smaller than 10.
!n
K1pd
pd
(15)
Ktot ¼
n
+
The doc
R Grc term in eqn (4A) vanishes, if the binding enthalpy of
the species is the same for all binding sites and independent of
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Table 2

pd
Values for Kpd
rc /K1 for multiple equilibria with n = 2, 3,. . .,9

rc/n

2

3

4

5

6

7

8

9

1
2
3
4
5
6
7
8
9

1
1/4

1
1/3
1/9

1
3/8
1/6
1/16

1
2/5
1/5
1/10
1/25

1
5/12
2/9
1/8
1/15
1/36

1
3/7
5/21
1/7
3/35
1/21
1/49

1
7/16
1/4
5/32
1/10
1/16
1/28
1/64

1
4/9
7/27
1/6
1/9
2/27
1/21
1/36
1/81

the number of species that are already bonded. Eqn (4A) simplifies
for this special but important situation as follows:
pd +
dR G+
rc ¼ TdR Src ¼ RT ln

Krcpd
K1pd

(4C)

We emphasize the meaning of these results in Fig. 2 and
pd
Table 2. The course of Kpd
rc /K1 , for n = 12 as an example, is
+
shown in Fig. 2A. Fig. 2B illustrates the behavior of dpd
R Grc and
pd +
dR Src . The equilibrium constant decreases by more than two
orders of magnitude when going from rc = 1 to 12. This
important drop is driven by the entropy decrease, caused by
the decreasing number of available reactions sites with the
progress of the reaction. The dependence of the total equilibrium constant Kpd
tot for the overall reaction on the total number
of equilibria n, eqn (15), is illustrated in Fig. 2C and D.
pd
The Kpd
rc /K1 values for diﬀerent reaction sequences n reported
in Table 2 illustrate the remarkable influence of the particle
distribution entropy on the course of multiple equilibria which
is further explained in the examples of the next chapter.
2.2.

Examples

Two reaction sequences is the simplest situation for which
eqn (9) can be applied. The acid base reactions of linear
dicarboxylic acids HOOC–(CH2)m–COOH are an example.
HOOC  ðCH2 Þm COOHðaqÞ þ H2 OðlÞ


þ

Ð HOOC  ðCH2 Þm COO ðaqÞ þ H3 O ðaqÞ K1
HOOC  ðCH2 Þm COO ðaqÞ þ H2 OðlÞ

(16)

Ð  OOC  ðCH2 Þm COO ðaqÞ þ H3 Oþ ðaqÞ K2
pd
The value of Kpd
2 /K1 is equal to 0.25, according to Table 2. This
means that K2 drops by a factor of 4 with respect to K1, according to
K2 K2oc
K2
¼
0:25. We use the abbreviations dpK2 ¼ log ,
eqn (8):
K1 K1oc
K1

K pd
K oc
dpK2oc ¼ log 2oc , and dpK2pd ¼ log 2pd . The free reaction
K1
K1
enthalpy differences can be expressed by means of eqn (17).
+
+
dR G+
2 ¼ DR G2  DR G1 ¼ RT ln

K2oc
0:25
K1oc

(17)

The particle distribution and all other contributions can therefore
be discussed separately. We express this by means of the eqn (18A)
and (18B).

10614 | Phys. Chem. Chem. Phys., 2017, 19, 10611--10621

Fig. 3 Free reaction enthalpy diﬀerences and pK diﬀerences. (A) dRG+
m ( ),
+
pd +
1
oc
pd
doc
R Gm ( ) and dR Gm ( ) [kJ mol ]. (B) dpK2 ( ), dpK1 ( ), and dpK2 ( ).
The numerical values of the equilibrium constants are reported in the ESI3.†

oc +
oc +
pd +
pd +
dRG+
2 = [DR G2  DR G1 ] + [DR G2  DR G1 ]
oc +
dRG+
2 = dR G2  RT ln 0.25

(18A)
(18B)

+
The contribution doc
R G2 reduces to the free reaction enthalpy
diﬀerences of the diﬀerently charged species Acq(aq), q = 2, 1,
and 0, because the terms for H2O(l) and H3O+(aq) cancel.
+
oc +
2
oc +

doc
R G2 = [DR G2 (Ac (aq))  DR G2 (Ac (aq))]
+

oc +
 [Doc
R G2 (Ac (aq))  DR G2 (Ac(aq))]

(19)

The comparison of the free reaction enthalpy diﬀerences dRG+
2 ,
+
pd +
oc +
doc
G
and
d
G
in
Fig.
3A
shows,
that
the
d
G
contribuR 2
R
m
R 2
tion dominates for m = 0 and m = 1, namely for HOOC–COOH
and HOOC–(CH2)–COOH, because of the trough bond interaction and the neighborhood of two negative charges. The
+
oc +
particle distribution term dpd
R Gm is already equal to dR G2 for
m = 2 and even a bit larger for larger values of m. This means that
understanding the entropy contribution stemming from the
particle distribution is essential for understanding the decrease
of the equilibrium constants from K1 to K2. This is illustrated
in Fig. 3B. Other examples for which this discussion holds are
linear difunctional compounds Y–(CH2)m–Y such as e.g. diamines, linear diphosphonates, linear diols.
The condition that the binding enthalpy of the species is the
same for all binding sites and independent of the number that
are already bonded holds, as an example, for the Na+ vs. K+
exchange in zeolite A, eqn (20), because the 12 sites for cations
can be assumed to be equivalent for both, the Na+ and also for
the K+.1,23 The stoichiometric composition of a pseudo unit cell
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of zeolite A is M12[(AlO2)12(SiO2)12]27H2O. K1, K2,. . .,K12 are the
equilibrium constants.
ZNa12þ þ Kþ

! ZKþ Na11þ þ Naþ

K1

ZKþ Na11þ þ Kþ

! ZK2þ Na10þ þ Naþ

K2

ZK2þ Na10þ þ Kþ

! ZK3þ Na9þ þ Naþ

K3
..
.

..
.

..
.
ZK11þ Naþ þ Kþ

(20)

! ZK12þ þ Naþ

K12

We first describe the course of the equilibrium concentrations of the
ZXr species as a function of concentration of X for the equilibria
sequence (1) and remember that the results are also valid for the
equilibria (2), and for the cation exchange (20). This means that
eqn (8) simplifies to (8A), hence, representing an idealized situation.
Kr
Krpd
¼ 1 pd
Krþ1
Krþ1

(8A)

The concentrations of the ZXr, with r = 0, 1, 2,. . .,n, is given in
eqn (21), using the definition K0 = 1.18
r
Q
½Xr Kj


j¼0
"
#A0
ZXr ¼
n
i
P
Q
i
½X
Kj
i¼0

(21)

j¼0

n 
X

ZXr



(22)

r¼0

½Xtot ¼

n
X


r ZXr
r¼0

SKþ ¼

(23)

½Kþ s
þ
s þ ½Na s

½Kþ 

HKþ ¼

The sum A0 of all concentrations of ZXr and the sum [X]tot of the
concentrations of bound X are expressed in eqn (22) and (23).
A0 ¼

The concentration of the ZXr as a function of the concentration
of free X and of the total amount of X in the system can be
calculated using the eqn (9) and (21)–(23). We illustrate the
meaning of the result in Fig. 4 for n = 12 equilibria, because this
is the number of equivalent sites for the cations Na+ and K+ in
zeolite A. The shape of the curves in this figure does not depend
on the value of the equilibrium constant K1 for the first reaction.
The results are obtained as a consequence of only one condition,
namely that the reaction enthalpy is constant. This means that
the evolution of the concentrations of the ZXr, as a function of
the concentration of free X and of its total amount [X]tot, is
entropy driven. The corresponding ion exchange isotherms of
Na+ vs. K+ exchange in zeolite A are usually represented as a plot
of the equivalent fraction of the potassium ions in the zeolite
(HK+) versus that of the ions in solution (SK+) and refer to
situations where the ionic strengths is kept constant; eqn (24)
and (25).1,6,13

n0Kþ  nKþs
s

mZeol  12
MZ

(24)

(25)

[K+]S and [Na+]S are the concentrations of the potassium and of
the sodium ions in solution. n0Kþ is the amount of K+ in solution
s

in absence of zeolite in moles, nKþs is the amount of K+ in
solution in presence of zeolite after establishment of the ion
exchange equilibrium. mZeol is the mass of zeolite in grams, MZ
is the molar mass of the pseudo unit cell of zeolite A,
(M12[(AlO2)12(SiO2)12])27H2O, M = Na+ or K+, and twelve is the
maximum number of exchangeable monovalent cations per
pseudo unit cell.

Fig. 4 Concentrations of the [ZXr] calculated using eqn (9) and (21–23) for A0 = 1 and n = 12, shown for a selected number of r values, for clarity. (A) Plot
of [ZXr] and of [X]tot versus the concentration of [X]. [X]tot is divided by 12 in order to scale it to a maximum value of 1. (B) Plot of [ZXr] versus the total
concentration [X]tot of X in the system.
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Using eqn (21) we find the expression (28) for Y:

Y¼

½X

n
X
r¼1

1þ

n
P
i¼1

rr

r
Q

n j¼1
½ X

n
P

Kj

i
i‘

!¼

1þ

Kj

½ X

r¼1

j¼1

n
P
i¼1

rr

r
Q

n j¼1

½X

!
Kj

i
i‘

!

(28)

Kj

j¼1

Published on 24 March 2017. Downloaded by Universitätsbibliothek Bern on 10/20/2018 5:58:05 PM.

Expansion of this eqn gives (28A):
1
2
½X K1 þ ½X2 K1 K2 þ    þ ½Xn K1 K2 . . . Kn
n
n
Y¼
1 þ ½XK1 þ ½X2 K1 K2 þ    þ ½Xn K1 K2 . . . Kn

(28A)

We show in the ESI4† that (28) and (28A) lead to eqn (29) with
KL given by (29A).
Y¼

KL ½X
1 þ KL ½X

(29)

K1
n

(29A)

KL ¼

Fig. 5 (A) Values of the equilibrium constants K1, K2,. . .,K12 for the exchange
of Na+ with K+ in zeolite A at 25 1C. (B) Ion exchange isotherm. Circles
[X]tot/12, as in Fig. 4, dash-dot Y, eqn (29); [X] in a.u. using A0 = 1.

Thus, the numerator of (25) is the amount of exchanged K+
in moles, while the denominator of eqn (25) is the amount of
monovalent cation sites of zeolite A in moles. The total rational
selectivity coeﬃcient, Ktot, of the system of coupled exchange
reactions is given by eqn (26):
Ktot ¼

HKþ ½Naþ s
ð1  HKþ Þ½Kþ s

(26)

The experimental free reaction enthalpy DRG+ at 25 1C is
479 J mol1 and the value of the equilibrium constant Ktot is
0.82, accordingly.1 We use eqn (15) to calculate the equilibrium
constant K1, based on the condition of constant reaction
enthalpy. The value is 11.8. Using eqn (9) we can calculate
the value of the other eleven equilibrium constants. The result
is shown in Fig. 5A. The numerical values are: 11.8, 5.41, 3.28,
2.21, 1.57, 1.15, 0.84, 0.61, 0.44, 0.29, 0.18, and 0.08. The value
[X]tot is proportional to HK+ and the value of [X] is proportional
to SK+. It is therefore convenient within the present context to
present the results of the exchange isotherms in Fig. 5B in
terms of [X]tot/12 versus [X] from which it is easy to understand
that the exchange isotherm in Fig. 5B and the plot of [ZXr]
versus [X]tot/12 in Fig. 4A are equivalent. The concentration
distribution as a function of [X]tot shown in Fig. 4B, hence,
applies to the cation exchange, eqn (20).
We denote the total amount of cations X that have been
exchanged as fraction filling by the symbol Y in eqn (27):
Y¼

n


1 X
r ZXr
nA0 r¼1

10616 | Phys. Chem. Chem. Phys., 2017, 19, 10611--10621

(27)

This is equivalent to Langmuir’s isotherm equation with the
Langmuir constant KL the value of which is KL = 0.983 for the
ion exchange reaction (20). Plotting [X]tot/12 as a function of [X]
according to eqn (23) and plotting the fraction filling Y vs. [X]
leads to the identical curves illustrated in Fig. 5B. This is a very
satisfactory result. It links Langmuir’s isotherm and multiple
equilibria in a general way. Langmuir’s isotherm equation was
originally derived for the description of gas adsorption on
surfaces20 but has found applications over the last 100 years
in many other fields such as ion exchange in microporous
materials, adsorption of species from solution on a surface,
insertion of molecules into the channels and cavities of diﬀerent hosts. The situation becomes more complex if the sodium
cations of zeolite A are not exchanged with potassium but
instead with silver cations, which means that K+ in eqn (20)
and (24)–(26) must be replaced by Ag+. The binding enthalpy for
the silver cations depends on the sites S8, S6, S4L and S4S
illustrated in Scheme 1.22,23 Silver cations located at different sites
exhibit different electrochemical response24 and have clearly
distinguished zeolite-oxygen to Ag+ charge transfer absorption
bands.25,26 This was not known when Sherry et al. determined
the thermodynamic equilibrium data.27 They therefore assumed
that the so called Kielland plot can be applied.28,29 They realized,

Scheme 1 Crystallographic identified cation sites in zeolite A. S6 and S8
denote the 6-ring and 8-ring positions, respectively. S4S and S4L denote the
two 4-ring positions, where only S4L is occupied in sodium zeolite A.22,23
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Fig. 6 (A) Insertion equilibrium of guests into the channels of ZL. (B) Schematic view of the channels of ZL. (C) Top view of ZL, illustrating its hexagonal
structure. The lines represent oxygen bridges between Si and Si/Al. Each channel is surrounded by six neighbors. The center-to-center distance and the
shortest distance between the channels are 1.84 nm and 0.58 nm, respectively. (D) Top and side view of a channel. The isolated spheres show the charge
compensating cations. A unit cell is 0.75 nm long. The pore opening is 0.71 nm wide, and the largest diameter in the channel is 1.26 nm.41–43

however, that something seemed to be strange because they
unexpectedly found a positive entropy value. We reinvestigated
the ion exchange with silver ions by taking care of the fact, that the
dependence of the binding enthalpy of Ag+ on the different sites
implicates five subsets of selectivity constants, {K1}, {K2, K3, K4},
{K5}, {K6, K7}, {K8,. . .,K12}, and that eqn (10) has to be applied for
each subset separately. Details of the experimental procedures, the
handling of the data, and the results are reported in ref. 30. We
note the values for the free reaction enthalpy, the reaction entropy,
and the equilibrium constant at 35 1C: DRG+ = 152 kJ mol1,
DRH+ = 438 kJ mol1, DRS+ = 925 J mol1 K1, ln Ktot = 59.2.
This means that the strange entropy value of Sherry et al. has
disappeared. We consider this to be an important result, also
because there remains considerable interest in the preparation
and utilization of silver cation exchanged zeolite A composites.31
Host guest composites obtained by inserting guest into the one
dimensional channels of zeolite L (ZL) have attracted much
interest. Guest can be cationic species, inserted by cation
exchange,7,8,11,15–17,32–35 neutral molecules, usually inserted
from gas phase,8,11,36,37 or also complexes38 build by means of
the ship in a bottle39 procedure.
Many guest are suﬃciently small to enter the narrow channels but so large that they cannot overlap and that their mutual
interaction once inside of the channels is negligibly small, also
in cases where J-aggregate coupling has been observed.11,40 We
focus on these guests and the resulting composites. They fulfill
the condition that the binding enthalpy of the species is the
same for all binding sites and independent of the number of
species that are already bonded. The insertion equilibrium and
the structure of ZL are explained in Fig. 6. The equilibria can be
written as shown in Table 1, eqn (1) for neutral molecules and
by eqn (2) for cationic molecules which are inserted by ion
exchange. There is no need to distinguish between the two

This journal is © the Owner Societies 2017

cases in the following; hence, the results reported below are valid
for both. Each channel acts independently in these equilibria,

Fig. 7 (A) Values of the equilibrium constants K2, K3,. . .,Kn calculated for
K1 = 1, as function of rc. The shape of the curves does not depend on the
value of K1. (B) Fraction filling Y of guests that have been inserted as a
function of the concentration [X], expressed in arbitrary concentration
units. Both figures illustrate results for diﬀerent numbers (n = 16, 32, 64,
and 128) of available sites for the guest inside of a channel. The numerical
values (n, Kn) for K1 = 1 are: (16, 0.0625; 32, 0.03125; 64, 0.01563; 128,
7.81  103). The Kn values would be 100 times larger for K1 = 100.
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which means that the number of sites in a channel determines
the number n of equilibria to be considered. We discuss as an
example a molecule of such an extension that it occupies three
unit cells. The insertion into the channels of ZL of several
perylene diimine molecules for which this applies was reported
recently.37 This means that each channel of a 36 nm long ZL
crystal can accept up to n = 16 molecules. The number n is 32, 64,
and 128 for ZL crystals of 72 nm, 144 nm, and 288 nm length,
respectively. We determine the equilibrium constants K2,
K3,. . .,Kn, using eqn (9), for a given value of K1. From this we
calculate the value of [X]tot/n, by means of (23), which is
equivalent to the fraction filling Y, eqn (29) and (29A).
We have used K1 = 1 to present the results shown in Fig. 7. It
is suﬃcient to report the results for one value of K1 because the
shape of the curves does not depend on this value. If we would
have chosen K1 = 100, for example, log K would have started at a
value of log K = 2 but the shape of the curves seen in Fig. 7(A)
would be identical. The same applies for Fig. 7(B), where simply
the concentration axis would range from 0 to 3, instead of 0 to
300. This means that all results illustrated in Fig. 7 are
independent of the value of K1 which allows drawing generally
valid conclusion. We observe that the influence of the decrease
in entropy determines the shape of the curves in Fig. 7. There is
no need to show the course of the entropy because it looks
similar to that of log K, according to eqn (13). It is useful
to understand, that the values of the equilibrium constants
Ki (i = 1, 2,. . .,n) can be calculated using eqn (15), (29A) and (9),
if either Ktot or KL is known. Perhaps more importantly, we now
understand to what extent the concentration [X] of molecules in
the environment must be increased for obtaining a certain
fraction filling Y of guests if the length of the channels is
increased.

3. Conclusions
The entropy in multiple equilibria of objects with many equivalent docking, coupling, or adsorption sites for neutral or
charged species has been evaluated for constant binding
enthalpy. The free reaction enthalpy can be split in two parts,
the particle distribution and all other contributions, which
means that the results are relevant for analyzing and interpreting experimental data also of systems where the condition of
constant binding enthalpy is not or only partially fulfilled. The
influence of entropy in multiple equilibria can be dominant, a
fact which may sometimes be diﬃcult to recognize. We
describe its evolution as the reaction proceeds and explain
why the equilibrium constants always decrease with increasing
number of occupied sites. The validity of the results is independent of the nature of bonding. New insight is reported for
dicarboxylic acids and for cation exchange of zeolite A, where
we distinguish between systems where all binding sites can be
regarded to be equivalent and systems where this is not the
case. The quantitative link between the description of multiple
equilibria and Langmuir’s isotherm equation we found provides new insight. Insertion of guests into the one-dimensional
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Scheme 2 Scheme we use to explain the derivation of eqn (9). The
system consists of N identical boxes and an amount of particles. Each
box comprises B equivalent positions for hosting a particle. Particles are
filled in stepwise.

channels of zeolite L, by cation exchange for cationic guests and
from the gas phase for neutral molecules, has attracted much
interest.7,8,10,11,32–38,40 We show how the concentration dependence of fraction filling of guests depends on the length of the
channels. The results are important for understanding observations and planning the synthesis of new host–guest composites.

4. Appendix: derivation of eqn (9)
We consider a system set up by N equivalent boxes each of
which comprises B equivalent positions for hosting a particle,
as depicted in Scheme 2. The total number of particles the
system can host is BN. We add stepwise particles to the boxes
and ask about the number of equally probable possibilities for
hosting n particles. For this we evaluate the number of boxes
Nb(n,B,N) which contain b particles after the addition of n
particles.
Nb(n,B,N) = ?;

n = 1, 2,. . .,BN;

b = 0, 1,. . .,B

(30)

The probability to hit a box in a next throw reduces by 1/B each
time after a particle is filled into this box. No further particle
finds a place in a box that contains B particles.
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Nb,n is the number of boxes that contain b particles of a
system consisting of n particles. The product pbDn is the
probability that a box which contains b particles accepts a
particle in a throw i with Dn particles which has as a consequence that the number of empty boxes reduces from N0,i1 to
N0,i, while the number of boxes containing b particles increases
from Nb,i1 to Nb,i:
N0,i = N0,i1  ( p0Dn)N0,i1

(31A)

Nb,i = Nb,i1 + ( pb1Dn)Nb1,i1  ( pbDn)Nb,i1 (31B)
Boxes containing b particles disappear with the probability
pbDn upon addition of Dn particles to the system, while boxes
containing b  1 particles change to ones that contain b with
probability pb1Dn. Using Dn = 1, the probability for scoring can
be expressed as follows:
pb ¼

Bb
;
BN  n

valid for n o BN and B  b  1

(32)

Eqn (31A) and (31B) can be written in the more convenient
form (33A) and (33B) by introducing the diﬀerence DNb =
Nb,i  Nb,i1:
DN0
¼ p0 N0
Dn
DNb
¼ pb1 Nb1  pb Nb ;
Dn

Bb1

(33A)

(33B)

This reduces the problem to the solution of the two diﬀerence
eqn (33A) and (33B) with the initial conditions when all boxes are
empty (33C):
N0(0,B,N) = N and

Nb(0,B,N) = 0; B Z b Z 1

(33C)

These equations can be solved as diﬀerential equations for a
suﬃciently large number of boxes and particles, as explained in
the ESI6.† 21 A rigorous statistical treatment allows also a
description of very small systems and leads at the thermodynamic limit to the same result.44
Nb ðn; B; N Þ ¼

B!
N
nb ðBN  nÞBb
ðB  bÞ!b! ðBN ÞB

(34)

We change the name of the variable b to r and substitute [ZXr]
in eqn (6) by Nr(n,B,N) as shown in (35). Evaluation of this result
leads to eqn (9).
Kr
½ZXr 2
Nr ðn; B; N Þ2
¼
¼
Krþ1 ½ZXr1 ½ZXrþ1  Nr1 ðn; B; N ÞNrþ1 ðn; B; N Þ

(35)
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From this we obtain for rc=n the desired expression (14):
𝑍 + 𝑛𝑋 ⇄𝑍𝑋𝑛 𝐾𝑡𝑜𝑡
𝐾𝑡𝑜𝑡 =

[𝑍𝑋𝑛]

𝑐∅
[𝑍] [𝑋]

( )

(S4)
𝑛

𝑛

=

∏𝐾

𝑟𝑐

(S5)

𝑟𝑐 = 1

ESI2. Derivation of equation (15)
We evaluate the product, eqn (14):
𝑛
𝑝𝑑
𝐾𝑡𝑜𝑡
=

∏𝐾

𝑝𝑑
𝑟𝑐

𝑟𝑐 = 1

with

𝑝𝑑
𝐾𝑟 𝑝𝑑
+1 = 𝐾 𝑟

𝑟
𝑛‒𝑟
𝑟 + 1𝑛 ‒ 𝑟 + 1

(S6)

It is convenient to introduce the following abbreviation:
𝑓(𝑟) =

𝑟
𝑛‒𝑟
𝑟 + 1𝑛 ‒ 𝑟 + 1

(S7)

This allows us to write:
𝑝𝑑
𝐾𝑟 𝑝𝑑
+ 1 = 𝐾 𝑟 𝑓(𝑟)

(S8)

Using this we can write the following sequence of equations, which finally lead to the desired result:
𝑝𝑑
𝑝𝑑
𝑝𝑑
𝑝𝑑
𝑝𝑑
𝑝𝑑
𝐾𝑡𝑜𝑡
= 𝐾𝑝𝑑
1 ∙ 𝐾 2 ∙ 𝐾 3 ∙ ∙ …𝐾𝑛 ‒ 2 ∙ 𝐾𝑛 ‒ 1 ∙ 𝐾 𝑛
𝑝𝑑
𝑝𝑑
𝑝𝑑
𝑝𝑑
𝑝𝑑
𝑝𝑑
𝐾𝑡𝑜𝑡
= 𝐾𝑝𝑑
1 ∙ 𝐾 1 𝑓(1) ∙ 𝐾 2 𝑓(2) ∙ …𝐾𝑛 ‒ 3𝑓(𝑛 ‒ 3) ∙ 𝐾𝑛 ‒ 2𝑓(𝑛 ‒ 2) ∙ 𝐾𝑛 ‒ 1𝑓(𝑛 ‒ 1)
𝑝𝑑
𝐾𝑡𝑜𝑡
=…

(S9)

ESI2
𝑝𝑑
𝑛
𝐾𝑡𝑜𝑡
= (𝐾𝑝𝑑
1 ) ∙ { 𝑓(1) ∙ 𝑓(1)𝑓(2) ∙ … ∙ … ∙ 𝑓(1)𝑓(2)𝑓(3)…𝑓(𝑛 ‒ 3)𝑓(𝑛 ‒ 2)𝑓(𝑛 ‒ 1)}
𝑝𝑑
𝐾𝑡𝑜𝑡
=

(

𝑛
𝐾𝑝𝑑
∙
1

)

{

2

𝑓(1) ∙

3

𝑛‒2

𝑛‒1

∏𝑓(𝑟) ∙ ∏𝑓(𝑟) ∙ … ∙ ∏𝑓(𝑟) ∙ ∏𝑓(𝑟)
𝑟=1

𝑟=1

𝑟=1

𝑟=1

}

𝑛‒1
𝑝𝑑
𝐾𝑡𝑜𝑡
=

(

𝑛
𝐾𝑝𝑑
∙
1

) { 𝑓(1)

𝑛‒1

𝑓(2)

𝑛‒2

…𝑓(𝑛 ‒ 1)

1

}=(

) ∏𝑓(𝑟)𝑛 ‒ 𝑟

𝑛
𝐾𝑝𝑑
1

𝑟=1
𝑝𝑑
𝐾𝑡𝑜𝑡
=

𝐾𝑝𝑑
1 𝑛

( )
𝑛

(S10)

ESI3. Experimental equilibrium constants K1 and K2 of dicarboxylic acids HOOC-(CH2)m-COOH
m

0

K1

10-1.27 10-2.85 10-4.21 10-4.34 10-4.41 10-4.5

K2

10-4.27 10-5.05 10-5.41 10-5.41 10-5.41 10-5.43 10-5.498 10-5.498 10-5.498
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ESI4. Derivation of the equations (29) and (29A)
We start with the hypothesis that eqns (21,23) are equivalent to Langmuir’s isotherm equation and we test if this
hypothesis is valid. For this we write:
1
2
[𝑋] 𝐾1 + [𝑋]2 𝐾1𝐾2 + … + [𝑋]𝑛𝐾1𝐾2…𝐾𝑛
𝑛
𝑛

1
2
[𝑋] 𝐾1 + [𝑋] 𝐾1𝐾2 + … + [𝑋]𝑛 ‒ 1𝐾1𝐾2…𝐾𝑛
𝑛
𝑛

(

)

[𝑋]𝐴
=
=
1 + [𝑋]𝐵 1 + [𝑋]𝐾 + [𝑋]2𝐾 𝐾 + … + [𝑋]𝑛𝐾 𝐾 …𝐾
1 + [𝑋](𝐾1 + [𝑋]2𝐾1𝐾2 + … + [𝑋]𝑛 ‒ 1𝐾1𝐾2…𝐾𝑛)
1
1 2
1 2
𝑛
(S11)
Using 𝜅𝑖 = 𝐾1𝐾2…𝐾𝑖 we write:
1
2
[𝑋] 𝜅1 + [𝑋] 𝜅2 + … + [𝑋]𝑛 ‒ 1𝜅𝑛
[𝑋]𝐴
𝑛
𝑛
=
1 + [𝑋]𝐵 1 + [𝑋](𝜅 + [𝑋]2𝜅 + … + [𝑋]𝑛 ‒ 1𝜅 )
1
2
𝑛

(

)

(S12)

The following relation must hold if the hypothesis is correct:
[𝑋]𝐾𝐿
[𝑋]𝐴
=
1 + [𝑋]𝐵 1 + [𝑋]𝐾𝐿

(S13)

We multiplying (S13) with (1 + [𝑋]𝐵)(1 + [𝑋]𝐾𝐿):
[𝑋]𝐾𝐿 + [𝑋]2𝐾𝐿𝐵 = [𝑋]𝐴 + [𝑋]2𝐾𝐿𝐴

(S14)

1
Multiplying this with [𝑋] leads to:
𝐾𝐿 + [𝑋]𝐾𝐿𝐵 = 𝐴 + [𝑋]𝐾𝐿𝐴

(S15)

We insert the expressions for A and B from (S12):
𝐾𝐿 + [𝑋]𝐾𝐿(𝜅1 + [𝑋]2𝜅2 + … + [𝑋]𝑛 ‒ 1𝜅𝑛) =

(

1
2
1
2
𝜅1 + [𝑋] 𝜅2 + … + [𝑋]𝑛 ‒ 1𝜅𝑛 + [𝑋]𝐾𝐿 𝜅1 + [𝑋] 𝜅2 + … + [𝑋]𝑛 ‒ 1𝜅𝑛
𝑛
𝑛
𝑛
𝑛

)

(

)

(S16)

ESI3
Equation (S16) can be rearranged in order to obtain (S17):
1
2
1
2
𝑛‒1
𝐾𝐿 ‒ 𝜅1 = [𝑋] 𝜅2 + … + [𝑋]𝑛 ‒ 1𝜅𝑛 + [𝑋]𝐾𝐿 𝜅1 ‒ 1 + [𝑋]2 ‒ 1 𝜅2 + … + [𝑋]𝑛 ‒ 2
‒ 1 𝜅𝑛 ‒ 1
𝑛
𝑛
𝑛
𝑛
𝑛

(( )

( )

(

) )

(S17)

Ordering (S17) according to the power of [X]:
1
2
1
3
2
𝑛‒1
𝐾𝐿 ‒ 𝜅1 = [𝑋] 𝜅2 + 𝜅1 ‒ 1 𝐾𝐿 + [𝑋]2 𝜅3 + ‒ 1 𝜅2𝐾𝐿 … + [𝑋]𝑛 ‒ 1 𝜅𝑛 +
‒ 1 𝜅𝑛 ‒ 1 𝐾 𝐿
𝑛
𝑛
𝑛
𝑛
𝑛
𝑛

(

( ) )

(

( ) )

( (

)

)

(S18)

Equation (S18) hold for all physically accessible and reasonable concentration values of [X]. This is only possible if
the right side of (S18) is equal to zero. From this we know that eqn (S18) holds for:
1
𝐾 𝐿 ‒ 𝜅1 = 0
𝑛

(S19)

This result means that we can write eqn (S20) which corresponds to the eqns (29) and (29A):
Θ=

𝐾𝐿[𝑋]
1 + 𝐾𝐿[𝑋]

with

1
𝐾𝐿 = 𝐾1
𝑛

(S20)

ESI5. Comparison oft the Langmuir isotherm with the sum of the concentrations of bound X
We graphically compare equations (21)-(23) with Langmuir’s eqn (29,29A) for n = 48 equilibrium reactions and two
different values for K1. It is no surprise that they mach perfectly well because (29) is a consequence of (21)-(23).

Fig. S1 Comparison of the Langmuir isotherm eqn (29) (yellow solid) and with the sum of the concentrations of
bound X, eqns (21)-(23), (red, dots) as a function of the concentration of free X, shown for 48 equilibria, hence,
n=48, and for two values of K1, namely 0.1 and 0.01. [𝑋]𝑡𝑜𝑡 is divided by 48 in order to scale it to the value range of
the Langmuir function .  indicated the difference between the numerical values of ([X]) and [𝑋]𝑡𝑜𝑡([𝑋]).

ESI6. Derivation of equation (9)
In order to solve the eqns (33A) and (33B) we write them as differential equations with the initial condition (33C).
𝑑𝑁0
𝑑𝑛
𝑑𝑁𝑏
𝑑𝑛

=‒ 𝑝0𝑁0
= 𝑝 𝑏 ‒ 1 𝑁 𝑏 ‒ 1 ‒ 𝑝 𝑏𝑁 𝑏; 𝐵 ≥ 𝑏 ≥ 1

(S21)
(S22)

ESI4
We solve eq S11, using eqn (18) for b=0:
𝑑𝑁0

∫𝑁

=‒

0

∫𝑝 𝑑𝑛 with 𝑝
0

0=

𝐵
𝐵𝑁 ‒ 𝑛

(S23A)

The result reads as follows:
𝑙𝑛𝑁0 =‒

𝐵

∫𝐵𝑁 ‒ 𝑛𝑑𝑛 = 𝐵𝑙𝑛(𝐵𝑁 ‒ 𝑛) + 𝑙𝑛𝐶

𝑁0 = 𝐶0(𝐵𝑁 ‒ 𝑛)

0

(S23B)

𝐵

(S23C)

The integration constant C0 follows from the initial condition (33C).
The solution of eqn (S22) is found by first solving it for N1 and then solving it for N2.
The solution for the general case Nb is readily found from this.
𝑑𝑁1
𝑑𝑛

+

𝐵‒1
𝐵
𝑁1 =
𝑁
𝐵𝑁 ‒ 𝑛
𝐵𝑁 ‒ 𝑛 0

(S24)

We insert the result (S23C) for N0:
𝑑𝑁1
𝑑𝑛

+

𝐵‒1
𝐵
𝑁 =
𝐶 (𝐵𝑁 ‒ 𝑛)𝐵
𝐵𝑁 ‒ 𝑛 1 𝐵𝑁 ‒ 𝑛 0

(S24A)

It is convenient to write the solution of (S24A) as

follows:[1S,2S]

𝑁1 = 𝐺(𝑛)𝑈(𝑛)

(S24B)

and then to determine U(n) and G(n):
𝑈(𝑛) =‒
𝐺(𝑛) =

𝐵‒1

∫𝐵𝑁 ‒ 𝑛𝑑𝑛 = (𝐵 ‒ 1)ln (𝐵𝑁 ‒ 𝑛) + 𝐶
𝐵

∫𝐵𝑁 ‒ 𝑛𝐶 (𝐵𝑁 ‒ 𝑛) 𝑒

𝐵 ‒ (𝑈(𝑛)

0

11

(S24C)

𝑑𝑛

(S24D)

Rearrangement and simplification leads to (S24E) and then (S24F):
𝐵 ‒ 1 ‒ (𝐵 ‒ 1)ln (𝐵𝑁 ‒ 𝑛) + 𝐶11

∫(𝐵𝑁 ‒ 𝑛) 𝑒
𝐺(𝑛) = 𝐵𝐶 ∫𝑒
𝑑𝑛 = 𝐵𝐶 (𝑛 + 𝐶
𝐺(𝑛) = 𝐵𝐶0

‒ 𝐶11

0

0

10)𝑒

𝑑𝑛

(S24E)

‒ 𝐶11

(S24F)

Inserting (S24C) and (S24F) in (S24B) leads to
𝑁1 = 𝐵𝐶0(𝑛 + 𝐶10)𝑒

‒ 𝐶11 (𝐵 ‒ 1)ln (𝐵𝑁 ‒ 𝑛) + 𝐶11

𝑒

(S24G)

This equation simplifies to the solution (S15) we have been searching for:
𝑁1 = 𝐵𝐶0(𝑛 + 𝐶10)(𝐵𝑁 ‒ 𝑛)(𝐵 ‒ 1)

(S25)

The solution (S16) for N2 is readily found by the same procedure:
𝑁2 = 𝐵𝐶0(𝐵 ‒ 1)

(

𝑛2
+ 𝑛𝐶10 + 𝐶20 (𝐵𝑁 ‒ 𝑛)(𝐵 ‒ 2)
2

)

(S16)

On the basis of the solution (S23C), (S25), and (S26) for N0, N1 and N2 we find the general solution for Nb to read as
follows:

ESI5
𝑁𝑏(𝑛,𝐵,𝑁) =

𝐵!𝐶0
(𝐵 ‒ 𝑏)!

𝑏

(𝐵𝑁 ‒ 𝑛)(𝐵 ‒ 𝑏)

∑
𝑖=0

𝐶𝑖0

𝑛𝑏 ‒ 1
(𝑏 ‒ 1)!

(S27)

Inserting the solution (S27) into (S22) we find that the initial condition (28C) is fulfilled if we use eqn (S28).
𝐶0 =

𝐵
(𝐵𝑁)𝑏

𝑏

∑
𝑖=0

𝐶𝑖0

,

𝐶00 = 1, 𝑎𝑛𝑑 𝐶𝑏0 = 0 𝑓𝑜𝑟 𝑏 > 0

𝑛𝑏 ‒ 1
𝑛𝑏
=
(𝑏 ‒ 1)! 𝑏!

(S28)

(S28A)

Insertion of the results (S28) and (S28A), which are a consequence of the initial condition (28C), into eqn (S27)
leads readily to the eqn (9) we have been searching for.
[1S] W. I. Smirnow, Lehrgang der Höheren Mathematik, Teil II, Deutscher Verlag der Wissenschaft, Berlin 1966.
[2S] H. G. Zachmann, Mathematik für Chemiker, VCH, Weinheim, 1990, ISBN 3-527-25930-0.

